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ABSTRACT
Observations of differential rotation within the solar convection zone have revealed a cyclic
pattern of zonal shear flows. Given that the 11-year periodicity of this flow pattern is approxi-
mately half that of the 22-year solar activity cycle, it is likely that these flows are magnetically-
driven. In this paper, these zonal shear flows are investigated in the context of a parametrized
mean-field solar dynamo model which incorporates the feedback of the large-scale magnetic
fields upon an imposed differential rotation profile. This “interface-like” model produces dy-
namo action and a pattern of zonal flows that is qualitatively consistent with solar observa-
tions. One of the key parameters in this model is the magnetic Prandtl number – when this
parameter is small, it is possible to find time-dependent solutions that are characterised by
prolonged phases of significantly reduced magnetic activity (so-called “grand minima”). De-
spite the presence of grand minima, it is still possible to find a solar-like pattern of zonal shear
flows in this highly-modulated, low magnetic Prandtl number regime.
Key words: (magnetohydrodynamics) MHD – Sun: activity – Sun: magnetic fields – Sun:
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1 INTRODUCTION
In recent years, helioseismology has provided important insights
into the spatial variation of the angular velocity within the solar in-
terior (see, for example, Schou et al. 1998; Thompson et al. 2003).
In the convection zone the local rotation rate is almost indepen-
dent of depth and is therefore primarily a function of latitude, with
equatorial regions rotating faster than the poles. This differentially-
rotating convective envelope is coupled to the rigidly-rotating core
by a thin region of strong rotational shear, known at the tachocline
(Spiegel & Zahn 1992). Weak time-dependent variations in this dif-
ferential rotation profile were first detected at the solar surface,
where bands of faster and slower than average local angular ve-
locity migrate from mid to low latitudes, following a cyclic pat-
tern with a period of approximately 11 years (Howard & LaBonte
1980; Ulrich et al. 1988). Recent observations indicate that these
zonal shear flows (often referred to as the “torsional oscillations”)
are not confined to low latitudes. Zonal shear flows can also be ob-
served at high latitudes, where the propagation is polewards with
the same 11-year periodicity (Vorontsov et al. 2002). Helioseismo-
logical studies of these flows have shown that they extend through-
out most of the convection zone, although the strongest variations
in the rotation rate are found at the surface (Howe et al. 2000;
Vorontsov et al. 2002).
Although alternative theories have been proposed (e.g. Pipin
1999; Spruit 2003), the most probable explanation for the observed
zonal shear flows is that they are driven by the large-scale mag-
netic fields that are associated with the solar cycle (Schu¨ssler 1981;
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Yoshimura 1981). During each 22-year magnetic activity cycle,
zones of active region emergence appear to drift towards the equa-
tor (see, for example, Stix 2002). This latitudinal drift mirrors the
observed equatorwards migration of the low-latitude bands of zonal
shear flows. Further evidence for a causal connection between these
zonal flows and the large-scale magnetic fields comes from that fact
that the (approximate) 11-year periodicity of this flow pattern is
half that of the 22-year magnetic cycle. Given that the Lorentz force
is quadratic in the magnetic field, this 2:1 ratio in cycle periods is
entirely consistent with the idea that these flows are magnetically-
driven.
The large-scale magnetic fields that are associated with the
solar cycle are believed to be generated and maintained by a hy-
dromagnetic dynamo. Most models of the solar dynamo are based
upon mean-field theory (for recent reviews, see Ossendrijver 2003;
Charbonneau 2005; Solanki, Inhester & Schu¨ssler 2006). Whilst
this approach leads to parametrized models that can only provide
a qualitative description of the operation of the dynamo, it prob-
ably contains most of the key physical ideas. Since magnetic flux
will tend to rise buoyantly out of the convection zone long before it
can be amplified to the observed field strengths (Parker 1979), it is
unlikely that the solar dynamo is operating wholly within the con-
vection zone. A more likely scenario is that the dynamo is operating
in the region which straddles the base of the convection zone and
the stably-stratified region of convective overshoot that lies beneath
(Galloway & Weiss 1981). Convective motions will tend to sweep
magnetic flux out of the convection zone, into the region of convec-
tive overshoot (Spiegel & Weiss 1980). This stably-stratified region
overlaps with the tachocline, so the magnetic flux that is stored here
is influenced by strong differential rotation: lines of poloidal field
c© 0000 RAS
2 P. J. Bushby
(which lie in the meridional plane) are sheared out in the direction
of flow, leading to strong toroidal (azimuthal) field. Within the con-
vection zone itself, the rising and twisting effects of cyclonic eddies
can regenerate a poloidal (meridional) field component from an ini-
tially toroidal field (Parker 1955) – a process commonly referred to
as the α-effect. Cyclonic convection is not the only physical mech-
anism that can regenerate poloidal field: magnetic buoyancy in the
presence of rotation can also give rise to an α-effect (Moffatt 1978;
Thelen 2000). The combination of an α-effect and strong differ-
ential rotation is, in theory, sufficient to drive a self-sustaining dy-
namo.
Most non-linear models of the solar dynamo have repre-
sented the magnetic feedback upon the fluid flow by introduc-
ing parametrized non-linearities such as α-quenching (see, for ex-
ample, Stix 1972; Charbonneau & MacGregor 1996; Markiel &
Thomas 1999). A non-linear effect that can be represented in a
less parametrized way is the velocity perturbation that is induced
by the Lorentz forces that are associated with the large-scale mag-
netic fields (Malkus & Proctor 1975). By solving an additional evo-
lution equation for this magnetically-driven velocity perturbation,
this non-linear feedback mechanism has been incorporated into nu-
merous mean-field dynamo models (Tobias 1996, 1997; Ku¨ker, Arlt
& Ru¨diger 1999; Covas et al. 2000; Moss & Brooke 2000; Covas,
Tavakol & Moss 2001; Phillips, Brooke & Moss 2002; Brooke,
Moss & Phillips 2002; Bushby 2005). For an appropriate choice
of parameters, these models can produce oscillatory dynamo ac-
tion in addition to a pattern of zonal shear flows that is qualitatively
consistent with solar observations (see, for example, Covas et al.
2000, 2001; Bushby 2005).
If the magnetic Prandtl number (which represents the ratio of
the viscous to the magnetic diffusivity) is small enough, these non-
linear models can also produce modulated dynamos that are char-
acterised by prolonged phases of dramatically reduced magnetic
activity (see, for example, Tobias 1996; Brooke et al. 2002). Ex-
tended phases of reduced activity (so-called “grand minima”) have
also been observed in the solar cycle – the most recent of these
episodes is known as the Maunder minimum (Eddy 1976). During
this epoch there was a significant reduction in the observed number
of sunspots. Despite the lack of active regions, proxy data records
(for example, records of terrestrial 10Be and 14C abundance) in-
dicate that comparatively weak cyclic magnetic activity persisted
throughout this period (Beer, Tobias & Weiss 1998). Proxy data
records also suggest that these periods of reduced activity are a re-
current feature of the solar cycle, with a grand minimum occurring
(on average) about once every 200-250 years (see, for example,
Wagner et al. 2001). Any model of the solar cycle must be able to
account for this modulation.
Although small values of the magnetic Prandtl number can
produce modulated dynamos in these non-linear models, the be-
haviour of the zonal shear flows in this time-dependent regime is
not yet fully understood. In a recent paper, Brooke et al. (2002)
concluded that solar-like zonal shear flows are actually incompat-
ible with the low magnetic Prandtl number regime. Given that os-
cillatory magnetic fields are still present in this parameter regime,
this is a surprising result that would have serious consequences for
dynamo models of this type. The aim of this paper is to investigate
this issue by considering a parametrized mean-field model of the
solar dynamo which includes the back-reaction of the large-scale
magnetic fields upon the flow. This model is described in detail
in the next section. Since this is a parametrized model of the so-
lar dynamo, it is important to identify robust patterns of behaviour.
Section 3 of this paper focuses primarily (but not exclusively) upon
the time-dependent solutions that are found in the low magnetic
Prandtl number regime. Finally, some conclusions are presented in
Section 4, where the relevance of these results to the solar dynamo
is discussed.
2 THE DYNAMO MODEL
This parametrized model of the solar dynamo is based upon the
standard mean-field equation (see, for example, Moffatt 1978),
∂B
∂t
= ∇× (αB +U×B− η∇×B) . (1)
Here, B denotes the mean magnetic field, U corresponds to the
large-scale velocity field, η is the (turbulent) magnetic diffusivity,
whilst the∇×(αB) term represents the α-effect. In addition to this
evolution equation, the mean field must also satisfy the constraint
that it remains solenoidal, i.e.
∇ ·B = 0. (2)
In this model, we seek solutions of the mean-field equation
in axisymmetric spherical geometry. Under the assumption of ax-
isymmetry, a convenient way of ensuring that the mean field re-
mains solenoidal is to decompose it into its poloidal and toroidal
parts. Referred to standard spherical polar coordinates, this corre-
sponds to setting
B = ∇× [A(r, θ, t)eφ] +B(r, θ, t)eφ, (3)
where A(r, θ, t) is the poloidal potential and B(r, θ, t) represents
the toroidal field. The problem is now reduced to solving two
non-linear partial differential equations for the scalar quantities
A(r, θ, t) and B(r, θ, t). A term corresponding to the α-effect ap-
pears in both of these equations, but the presence of strong differen-
tial rotation (such as that found within the tachocline) implies that
this term can be neglected in the toroidal field equation. The neglect
of this term is known as the αω approximation. Even under the sim-
plifying assumption of axisymmetry, the full non-linear equations
must be solved numerically. The computational domain is taken to
be a spherical shell, with 0.6R⊙ 6 r 6 R⊙ and 0 6 θ 6 pi. This
represents the solar convection zone and the region of convective
overshoot – the base of the convection zone is at r = 0.7R⊙.
The large-scale velocity field, U, is constrained to be purely
in the azimuthal (toroidal) direction. Although meridional motions
may play a role in the solar dynamo, the spatial distribution of
meridional flows within the solar interior is poorly determined by
observations (particularly near the base of the convection zone), so
they have been neglected here. The azimuthal velocity field, U, is
given by
U = [Ω(r, θ)r sin θ + v(r, θ, t)]eφ, (4)
where Ω(r, θ) is an imposed angular velocity profile and v(r, θ, t)
is a magnetically-driven perturbation. In this axisymmetric model,
the only terms that appear in the azimuthal velocity perturbation
equation are due to viscous stresses and the Lorentz force,
∂v
∂t
=
1
ρµo
[(∇×B)×B]
φ
+
1
ρr3
∂
∂r
[
νρr
4 ∂
∂r
(
v
r
)]
(5)
+
1
ρr2 sin2 θ
∂
∂θ
[
νρ sin3 θ
∂
∂θ
(
v
sin θ
)]
.
Here, the constant µo is the permeability of free space, and ν rep-
resents the fluid viscosity. The density, ρ, is taken to be constant
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Figure 1. Contours of constant Ω(r, θ) in the Northern Hemisphere. This
analytic fit to the solar differential rotation profile is symmetric about the
Equator.
throughout this paper – the effects of stratification in this model
were described in a recent paper (Bushby 2005).
The functional form for Ω(r, θ) is chosen so as to mimic the
solar differential rotation profile (as inferred from helioseismol-
ogy). The precise analytic fit that is used here is very similar, al-
though not identical, to the profiles used by Dikpati & Charbonneau
(1999) and Markiel (1999). Denoting the surface equatorial angular
velocity by Ωeq and the core angular velocity by Ωc = 0.943Ωeq ,
the imposed differential rotation profile is taken to be
Ω(r, θ) = Ωc +
1
2
(
1 + erf
[
r − 0.7R⊙
0.025R⊙
])
(Ωs(θ)− Ωc) , (6)
where erf is the standard error function, and
Ωs(θ) = Ωeq
(
1.0− 0.123 cos2 θ − 0.155 cos4 θ
)
(7)
represents the surface angular velocity profile. Contours of constant
Ω(r, θ) are shown in Fig. 1.
It is also necessary to specify the magnetic diffusivity profile.
Whilst there are no direct observational constraints regarding the
spatial variation of the diffusivity coefficient, it is possible to make
some plausible assumptions. Turbulent eddies within the convec-
tion zone should enhance the effects of diffusion within this region.
So, if ηt represents the peak turbulent magnetic diffusivity within
the convection zone and ηc represents the diffusivity at the base of
the overshoot region, we would expect ηt to be very much greater
than ηc. The simplest way to incorporate this effect into the model
is to adopt a spherically symmetric profile for η,
η(r) = ηc +
1
2
(
1 + erf
[
r − 0.7R⊙
0.025R⊙
])
(ηt − ηc) . (8)
Typically we take ηc = 0.01ηt , which gives a substantial diffusiv-
ity contrast between the convection zone and the overshoot layer,
with a large radial gradient in the vicinity of r = 0.7R⊙. This pro-
file is similar to that used by Dikpati & Charbonneau (1999) and
Markiel (1999), and should give rise to an “interface-like” dynamo
in which comparatively strong magnetic fields can be generated and
maintained in the region just below the base of the convection zone
(where the magnetic diffusivity is relatively small). In the mod-
els of Moss & Brooke (2000) and Covas et al. (2000, 2001), the
diffusivity profile is only very weakly dependent upon spatial posi-
tion – these models give rise to dynamo action which is much less
“interface-like”, with magnetic fields distributed throughout most
of the convection zone. In addition to the magnetic diffusivity, the
fluid viscosity, ν, should also be enhanced by the effects of turbu-
lent convection. One way of representing this is to assume that ν is
everywhere proportional to η,
ν(r) = τη(r). (9)
Here, the (non-dimensional) constant of proportionality, τ , is the
magnetic Prandtl number.
It is natural to assume that the α-effect is driven by cyclonic
convection, in which case α would presumably be distributed
throughout most of the convection zone. However, it should be
noted that several non-linear studies suggest that even compara-
tively weak fields may be strong enough to quench this type of
convectively-driven α-effect (Vainshtein & Cattaneo 1992; Catta-
neo & Hughes 1996), in which case it would be of limited efficiency
in the context of the solar dynamo. In this model, it is assumed that
the α-effect is driven by some tachocline-based instability, such as
magnetic buoyancy – quenching may still be present, but this kind
of α-effect will (almost certainly) operate more efficiently in the
presence of stronger magnetic fields. In this case, α would clearly
be localised around the base of the convection zone, where the ma-
jority of the large-scale toroidal field is stored. The latitudinal dis-
tribution of α is less clear, but its dependence upon the Coriolis
force implies that α should be antisymmetric about the equator. In
addition, the linear theory of instabilities of thin flux tubes suggests
that a buoyantly-driven α-effect may be more efficient at low lat-
itudes (Ferriz-Mas, Schmitt & Schu¨ssler 1994). Bearing in mind
those considerations, the α-effect in this model is represented by
α(r, θ) = αo cos θ sin
4
θexp
[
−
(
r − 0.71R⊙
0.025R⊙
)
2
]
. (10)
Similar α profiles have been adopted by (for example) Markiel
(1999) and Ossendrijver (2000). The effects of varying the spatial
dependence of α are described in detail in Bushby (2003).
Finally, some boundary conditions must be specified at the
poles and at the inner and outer radii of the computational domain.
Setting A = B = v = 0 at θ = 0 and θ = pi ensures that the
radial current, the radial magnetic field and the angular momentum
perturbation all remain finite at the poles. At the outer radius of
the domain, r = R⊙, a stress-free condition is applied to v, whilst
B is smoothly matched to a potential field. At the inner radius of
the spherical shell, r = 0.6R⊙, we adopt the idealised boundary
conditions, A = B = v = 0. These boundary conditions are con-
sistent with the idea that the dynamo-generated fields (and induced
flows) should not penetrate far into the low diffusivity region be-
low r = 0.7R⊙. Having fully specified the model, the behaviour
of the dynamo is solely determined by two non-dimensional param-
eters. One of these parameters is τ , the magnetic Prandtl number,
the other is the dynamo number,
D =
αoΩeqR
3
⊙
η2t
, (11)
which represents the strength of the magnetic source terms (differ-
ential rotation and the α-effect) relative to the dissipative effects of
magnetic diffusion.
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Figure 2. Contours of constant toroidal field at the base of the convection
zone (r = 0.7R⊙), plotted against latitude and time. The dynamo param-
eters are D = −2.5 × 106 and τ = 1.0 and there is weak α-quenching
(µα = 0.1). At low latitudes, the toroidal field is antisymmetric about the
Equator. The parity of this solution is predominantly dipolar.
3 NUMERICAL RESULTS
3.1 Preliminary results: τ = 1.0
Non-linear solutions of this mean-field model are obtained by car-
rying out numerical simulations. A typical computational grid for
this axisymmetric domain consists of a uniform mesh with 100
points in the radial direction and 192 points in latitude. Cen-
tred finite differences are used to calculate the derivatives, whilst
the time-stepping is carried out via a 2nd-order Adams-Bashforth
scheme. The numerical techniques that are used in the code are de-
scribed in detail elsewhere (Bushby 2003). In all these calculations,
attention is restricted to negative values of the dynamo number, D
(which corresponds to a negative α-effect in the Northern Hemi-
sphere).
Setting the magnetic Prandtl number equal to unity (i.e. τ =
1.0) implies that the viscous dissipation equals the magnetic dif-
fusivity at all points within the computational domain. This model
produces mildly supercritical dynamo action when the magnitude
of D exceeds some critical value – in this parameter regime, a dy-
namo number of D = −1.5 × 106 is just large enough to drive
a dynamo. The resulting oscillatory magnetic fields are confined
to the interface region around the base of the convection zone. At
low latitudes, the positive radial shear leads to a cyclic pattern of
equatorwards-propagating magnetic fields. For more supercritical
values of the dynamo number, there is also (weaker) dynamo ac-
tion at high latitudes – here the negative radial shear implies that the
oscillatory fields propagate polewards. The zonal shear flows that
are associated with these magnetic fields have a time-dependent
component which has a period of oscillation which is half that of
the magnetic cycle. In the absence of stratification, these oscilla-
tory flows are confined to the interface region around the base of
the convection zone where they propagate equatorwards at low lat-
itudes and towards the poles at high latitudes. These results are de-
scribed in more detail in an earlier paper (Bushby 2005).
Most features of this oscillatory dynamo are qualitatively con-
sistent with solar observations. One exception to this is the fact
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Figure 3. The oscillatory part of the magnetically-driven angular velocity
perturbation, at the base of the convection zone (r = 0.7R⊙), for the solu-
tion shown in Fig. 2. Since the solution is largely dipolar, the flow pattern
is nearly symmetric about the Equator.
that the parity of even moderately supercritical solutions is highly
time-dependent and exhibits strong fluctuations away from dipolar
symmetry. It turns out that the parity of the solution is highly sen-
sitive to the precise choice of non-linear quenching mechanisms
that are used in the model. This is unsurprising given that both
the dipolar and the quadrupolar oscillatory modes bifurcate from
the trivial (non-magnetic) state at similar critical dynamo numbers.
One way to illustrate this non-linear phenomenon is to add weak α-
quenching to the model by multiplying α(r, θ) by a parametrized
quenching factor,
α(r, θ) −→
α(r, θ)
1 + µαB2
. (12)
The parameter µα controls the strength of the α-quenching rela-
tive to the dynamical feedback of the field upon the imposed flow
– small values of µα imply that α-quenching is a comparatively
weak non-linear effect. Large values of µα tend to favour solutions
of mostly quadrupolar parity, whilst predominantly dipolar solu-
tions are found for smaller values of this parameter. The case of
µα = 0.1 is illustrated in Fig. 2, which shows the time-evolution of
the toroidal field at the base of the convection zone for a moderately
supercritical dynamo (D = −2.5 × 106 and τ = 1.0). Although
a weak quadrupolar component is present, the parity is predomi-
nantly dipolar at all times. The corresponding zonal shear flows are
shown in Fig. 3. This predominantly dipolar dynamo drives a pat-
tern of zonal shear flows that is nearly symmetric about the equa-
tor – any purely dipolar (or quadrupolar) solution would produce
a perfectly symmetric pattern of shear flows. In the absence of α-
quenching, the mixed parity dynamo drives a highly asymmetric
pattern of zonal shear flows.
Whilst it is clearly possible to produce dipolar solutions by
adjusting the parameters in an appropriate way, it is apparent that
even small changes to the model can dramatically alter the parity of
the dynamo. Although the Sun’s magnetic field is currently largely
dipolar, it is entirely possible that it has gone through quadrupolar
or even mixed-parity phases at some point during its magnetic his-
tory (Beer et al. 1998), so dipolar symmetry may not always have
been a key feature of the solar cycle. Having established that it is
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Figure 4. The time-dependence of the energy in the toroidal field (top) and
the perturbation kinetic energy (bottom) for a modulated dynamo. The pa-
rameters are D = −2.5 × 106 and τ = 0.05. Both time-series are ex-
pressed in terms of dimensionless units.
possible to produce dipolar solutions by varying the strengths of
the competing non-linear effects, all the remaining calculations in
this paper take µα = 0.0 (i.e. there is no α-quenching).
3.2 The time-dependent regime: τ < 1.0
Setting τ < 1.0 implies that the characteristic time-scale for
viscous dissipation is longer than the equivalent time-scale for
magnetic diffusion. In mean-field dynamo models of this type, it
is known that this separation in scales produces time-dependent,
modulated magnetic cycles (see, for example, Tobias 1996, 1997;
Ku¨ker, Arlt & Ru¨diger 1999; Moss & Brooke 2000; Brooke, Moss
& Phillips 2002). Comparatively little is known about the behaviour
of the zonal shear flows in these modulated dynamos. This section
describes results from this time-dependent, low magnetic Prandtl
number parameter regime.
3.2.1 Magnetic fields
A solution from this model, for the parameters D = −2.5 × 106
and τ = 0.05, is illustrated in Fig. 4. The top part of this plot
shows the time-dependence of the total (non-dimensional) mag-
netic energy in the toroidal field. The lower part of Fig. 4 shows
the corresponding time-series for the kinetic energy that is asso-
ciated with the magnetically-driven azimuthal velocity perturba-
tion. This oscillatory dynamo is strongly modulated, with recur-
rent phases of dramatically reduced activity (or “grand minima”).
Although the modulation is aperiodic, there does appear to be a rel-
atively well-defined modulational time-scale (e.g. the time period
between grand minima). This modulational signal can also be seen
in the kinetic energy perturbation – the modulation is driven by an
exchange of energies between the magnetic field and the induced
flow. Fig. 5 illustrates the behaviour of the toroidal field at the base
of the convection zone. The modulation in the toroidal field is most
pronounced at low latitudes, although there is also weak modula-
tion at high latitudes. It is interesting to note that the fluctuations in
the magnitude of the polar branch are not in phase with the modula-
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Figure 5. As Fig. 2, but here there is no α-quenching, D = −2.5 × 106
and τ = 0.05. The dynamo is strongly modulated and there are significant
parity fluctuations.
tion at low latitudes. In a Cartesian model, Tobias (1997) and Beer
et al. (1998) found that variations in the amplitude of the dynamo
were often accompanied by fluctuations in the parity – parity fluctu-
ations can clearly be seen in Fig. 5. During the whole course of the
simulation, there appears to be no preferred symmetry, with irreg-
ular variations between predominantly dipolar and predominantly
quadrupolar states.
Previous studies of related dynamo models suggest that the
extent of the modulation is strongly dependent upon the size of
the magnetic Prandtl number. Fig. 6 shows the time-dependence
of the toroidal magnetic energy, at fixed dynamo number (D =
−2.5 × 106), for three different values of τ . For this moderately
supercritical value of D, all the solutions in Fig. 6 show some
time-dependence, although lower values of τ appear to produce
longer and more pronounced grand minima phases. For lower val-
ues of τ , the comparatively small viscous dissipation gives rise to
a longer viscous decay time for any magnetically-driven velocity
perturbation. Given that it is this velocity perturbation that is in-
hibiting the operation of the dynamo during grand minima, this re-
duction in the viscous decay rate is the reason why longer grand
minima are seen at smaller values of τ . A similar dependence upon
the magnetic Prandtl number has been observed in previous mod-
els (see, for example, Tobias 1997; Moss & Brooke 2000; Brooke
et al. 2002). The extent of the modulation is also influenced by
the magnitude of the dynamo number. This is illustrated in Fig. 7,
which shows (for fixed τ = 0.05) the time-evolution of the toroidal
magnetic energy for three different values of the dynamo number.
When D = −1.5 × 106, the dynamo is weakly supercritical and
the solution is simply periodic. Increasing the magnitude of the dy-
namo number to D = −2.0 × 106 produces a strongly-modulated
doubly-periodic solution. When D = −3.0 × 106, the solution
is chaotically modulated. Unsurprisingly, the non-linear effects in
this model become more pronounced as the magnitude of D is in-
creased.
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Figure 6. The time-dependence of the magnetic energy in the toroidal field
for τ = 1.0 (top), τ = 0.1 (middle) and τ = 0.025 (bottom). The dy-
namo number is fixed at D = −2.5× 106. The modulation becomes more
pronounced and more chaotic for smaller values of the magnetic Prandtl
number.
3.2.2 Zonal shear flows
Since the modulation in this time-dependent, low magnetic Prandtl
number regime is driven by an exchange of energies between the
magnetic fields and the induced flows, it is clear that modulational
effects will also be seen in the oscillatory zonal shear flows. In the
lower portion of Fig. 4, the only significant oscillatory signal ap-
pears to be the one that is associated with the long-term modula-
tion. This raises the question of whether or not it is possible to find
a solar-like pattern of zonal shear flows with a period of oscilla-
tion that is half that of the basic magnetic cycle. In their Cartesian
model, Brooke et al. (2002) failed to find evidence of a solar-like
zonal flow pattern in the low magnetic Prandtl number regime (even
when the dynamo was very weakly modulated). If these zonal shear
flows are incompatible with strong modulation and grand minima
then that raises questions regarding the applicability of these mod-
els to the solar dynamo.
In fact, this (so-called) “Prandtl number dilemma” can be re-
solved without any modification to the dynamo model. Even in
the case where τ = 1.0, it is necessary to subtract a spatially-
dependent time-average from the total velocity perturbation in or-
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Figure 7. The time-dependence of the magnetic energy in the toroidal field
for D = −1.5× 106 (top), D = −2.0× 106 (middle) and D = −3.0×
106 (bottom). The magnetic Prandtl number is fixed at τ = 0.05.
der to observe the oscillatory pattern of zonal shear flows. In the
highly-modulated, low magnetic Prandtl number parameter regime,
this time-averaging procedure is complicated by the fact that there
are longer-term variations in the induced zonal flows. If there is a
separation in scales between the modulational time-scale and the
magnetic cycle period, it is possible to pick some intermediate
time-scale over which to calculate a time-average. This spatially-
dependent time-average can then be subtracted from the total ve-
locity perturbation (in the same way as before) in order to reveal
the cyclic pattern of zonal shear flows. This is the procedure that
is adopted in this paper. Crucially, Brooke et al. (2002) adopted
a slightly different procedure, in which the time-average that they
calculated was independent of spatial position. Even for a magnetic
Prandtl number of unity, this time-averaging failed to completely
remove the steady component of the induced flows and produced
erroneous results, particularly in the low magnetic Prandtl number
regime where the relatively low viscosity gives rise to increased
spatial inhomogeneity in the shear flow structure.
In the absence of modulation, a small value of the magnetic
Prandtl number presents no difficulties for the zonal shear flows.
Even in the low magnetic Prandtl number regime, weakly super-
critical dynamos (e.g. the solution shown in the top part of Fig. 7)
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Figure 8. Contours showing the oscillatory zonal shear flows at the base of
the convection zone (r = 0.7R⊙) for D = −2.5× 106 and τ = 0.1.
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Figure 9. As Fig.8, but here τ = 0.05.
tend to be simply periodic – the time-dependent part of the resulting
zonal shear flows follows a cyclic pattern with a period of oscilla-
tion which is half that of the magnetic cycle. As can be seen from
Fig. 6, for the moderately supercritical dynamo that is obtained
when D = −2.5 × 106 and τ = 0.1, there is significant modu-
lation with a variation of approximately 50% in the toroidal mag-
netic energy over a typical modulational time period. Fig. 8 shows
the resulting oscillatory zonal shear flows that are obtained after a
suitable time-average has been subtracted from the total velocity
perturbation. As this figure shows, it is still possible to identify a
solar-like oscillatory pattern with migrating bands of zonal flows
at high and low latitudes. The corresponding zonal shear flows for
D = −2.5 × 106 and τ = 0.05 are shown in Fig. 9. For this
highly-modulated solution, it becomes more difficult to separate
these oscillatory flows from the longer-term modulation, although
a migrating pattern of flows can still be observed.
Finally, it is interesting to note that the magnitude of the oscil-
latory part of these flows decreases with decreasing τ - to a good
approximation, the peak velocity of the oscillatory part of this flow
pattern scales linearly with the magnetic Prandtl number. The pre-
cise origin of this particular scaling is unclear, although the general
trend reflects the fact that the amplitude of the magnetic cycle oscil-
lations also seems to be decreasing with decreasing τ . It should be
stressed that the magnitude of these oscillatory zonal shear flows is
also dependent upon whether or not (for example) stratification or
α-quenching is included in the model, so this scaling with τ may be
a model-dependent feature. Whether or not this scaling is a robust
feature of the model, these results do conclusively demonstrate that
it is possible to produce a solar-like pattern of zonal shear flows in
the highly-modulated low magnetic Prandtl number regime.
4 DISCUSSION AND CONCLUSIONS
The results from this mean-field dynamo model are, in many ways,
qualitatively consistent with solar observations. The model pro-
duces oscillatory magnetic fields that migrate equatorwards at low
latitudes. These magnetic fields drive zonal shear flows that follow
a cyclic pattern with a period of oscillation which is half that of
the associated magnetic cycle. In the low magnetic Prandtl num-
ber regime, this model produces time-dependent solutions in which
there are recurrent “grand minimum” phases, during which the ac-
tivity of the dynamo is partially suppressed. Contrary to the find-
ings of Brooke et al. (2002), it has been shown that even highly
modulated dynamos in this τ < 1.0 regime can still drive a solar-
like pattern of zonal shear flows.
It is worth noting that the oscillatory zonal shear flows that are
driven by this dynamo tend to be confined to the region around the
base of the convection zone. Helioseismological observations sug-
gest that the strongest flows should be occurring at the surface. This
discrepancy can probably be explained by the fact that these cal-
culations all neglect the effects of stratification. In this “interface-
like” model, the largest angular momentum perturbations are occur-
ring at the base of the convection zone – any angular momentum
perturbations that are occurring at the surface of the domain are rel-
atively weak. However, if the effects of stratification are taken into
account, then it may still be possible for this weak surface angular
momentum perturbation to drive comparatively large zonal shear
flows (if the density at the surface is small enough). Given that the
oscillatory zonal shear flows that are seen at the surface appear to
lag behind the oscillations that are observed deeper within the con-
vection envelope (Vorontsov et al. 2002), this scenario is entirely
consistent with the helioseismological observations. This idea has
already been confirmed (at least in a qualitative sense) in mean-field
dynamo models (Covas, Moss & Tavakol 2004; Bushby 2005).
Another interesting feature of these solutions is that they tend
to exhibit dynamo action and oscillatory zonal shear flows at both
high and low latitudes. Whilst the low latitude branch is qualita-
tively consistent with solar observations, active regions in the solar
photosphere are never observed near the poles. Having said that,
the zonal shear flows within the solar convection zone do have an
additional polar branch, which suggests that there must be dynamo
action of some form at high latitudes. If there is dynamo action at
high latitudes at the base of the convection zone, then the absence
of active regions suggests that the magnetic buoyancy instability is
being suppressed in some way. In a recent paper, Tobias & Hughes
(2004) found that non-axisymmetric magnetic buoyancy instabili-
ties tend to be inhibited by a velocity shear that is aligned with the
magnetic field. This effect may be of particular importance at high
c© 0000 RAS, MNRAS 000, 1–9
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latitudes within the solar tachocline (where there is an extended
region of strong negative radial shear, as illustrated in Fig. 1). If
this shear is large enough to suppress non-axisymmetric magnetic
buoyancy instabilities in this region, that would inhibit the forma-
tion of near-polar active regions even if dynamo action is present at
high latitudes at the base of the convection zone.
It is clear that variations in the magnetic Prandtl number can
lead to dramatic changes in the magnitude and duration of the
“grand minima” in this mean-field model, with longer and deeper
grand minima occurring for smaller values of τ . In fact, for very
small values of τ , the duration of these grand minima can ex-
ceed the duration of the more active phases of the dynamo (a phe-
nomenon that has also been noted by, for example, Moss & Brooke
2000; Brooke, Moss & Phillips 2002) – this behaviour is not “solar-
like” and it suggests that the observed modulation in the solar dy-
namo may not be as extreme as that found in some of these simu-
lations. Given that a solar grand minimum seems to occur (on av-
erage) about once every 200-250 years, this indicates that the ratio
of the sunspot cycle frequency to the mean modulational frequency
should be approximately 23 : 1. For the time-dependent solutions
that are described in this paper, this frequency ratio is reasonably
well reproduced by the τ = 0.1 and D = −2.5× 106 solution that
is illustrated in Fig. 6. Simulations of rising flux tubes within the
solar convection zone suggest that only the very strongest magnetic
fields at the base of the convection zone can produce coherent ac-
tive regions at the solar photosphere (Caligari, Moreno-Insertis &
Schu¨ssler 1995). Therefore, even though the variation in the mag-
netic energy of this particular solution is relatively modest, this
level of modulation might be sufficient to lead to a dramatic reduc-
tion in the observed number of sunspots during less active phases.
Given that the mean-field approach produces parametrized
models that can only provide a qualitative description of the solar
dynamo, it is very important to identify features of the model that
are robust. Most of the features that are described above are quali-
tatively insensitive to small changes in the model parameters. One
exception to this is the parity of the non-linear solutions that are
obtained: small variations in the non-linear quenching mechanisms
that are used in the model can lead to large changes in the preferred
symmetry of the solutions. Predominantly dipolar solutions can be
found, but only by carefully tuning the model parameters. Simi-
larly, it may be possible to adjust (for example) the level of overlap
between successive magnetic cycles by adding a weak meridional
flow or by slightly adjusting the spatial distributions of α(r, θ) and
η(r). However, given the idealised nature of this mean-field model,
minor adjustments are unlikely to reveal anything new about the so-
lar dynamo, and the value of carefully calibrating mean-field mod-
els to match up with more detailed solar observations (see, for ex-
ample, Dikpati, de Toma & Gilman 2006) is certainly question-
able. For this reason, it seems more sensible to focus upon specific
qualitative features of the solar dynamo rather than spending time
“fine-tuning” a more elaborate model to try and reproduce solar-
like behaviour as accurately as possible.
Although mean-field theory has dramatically enhanced our
understanding of the solar dynamo, there is clearly a need to con-
sider alternative approaches. Even very recent large-scale simula-
tions of the solar dynamo have yet to produce solar-like magnetic
behaviour (Brun, Miesch & Toomre 2004), so it it still necessary to
focus upon simpler models. It has been shown that it is possible to
construct low-order models of ordinary differential equations that
produce dynamics that can be closely related to those that are ob-
tained from mean-field models of the solar dynamo (see, for exam-
ple Tobias, Weiss & Kirk 1995; Knobloch, Tobias & Weiss 1998;
Wilmot-Smith et al. 2005). Since these models are based upon nor-
mal form equations, they have a robust bifurcation structure and
their properties are generic (in the sense that they describe the dy-
namics that are found in a wide range of non-linear systems). Al-
though this approach can play an important role in enhancing our
understanding of the non-linear dynamics in the solar dynamo, they
can only provide a relatively abstract representation of the relevant
physical processes. A more direct approach to the problem is to
carry out numerical simulations of comparatively idealised mod-
els. In a numerical study of compressible magnetohydrodynamics
(in a horizontally-periodic Cartesian box) Cline, Brummell & Cat-
taneo (2003) found time-dependent dynamo action that was driven
by the combined effects of magnetic buoyancy and velocity shear.
Although this simplified model produces results that cannot be di-
rectly related to the solar magnetic cycle (for example, there are
no travelling dynamo waves), it contains several important physi-
cal processes that are believed to be operating within the Sun. As a
viable alternative to mean-field theory, there is every reason to sup-
pose that (comparatively) idealised simulations of this form have
the potential to further enhance our understanding of the solar dy-
namo.
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